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In this work, we propose a model for surfaces made of inextensible ﬁbers that generalizes
the existing approach to ﬁbered networks, by taking into account not only the bending
resistance of individual ﬁbers, but also their resistance to twist. Assuming that the total
energy of the network depends on the shear between the ﬁbers as well as their curvature
and twist, we derive the equilibrium equations and discuss an application to a cylindrical
shell made of inextensible helical ﬁbers. We discuss the effect of twisting stiffness on the
loading–extension curve of the cylinder.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Fiber-reinforced networks have a wide-range of applications, ranging from textiles to surgical materials and aerospace
engineering (cf. e.g., Aimène, 2007; Christensen, 1979). For instance, an effective way of manufacturing shells with a required
shape is to build a network of semi-rigid ﬁbers and subsequently embed them into a polymeric matrix.
In this context, the classical theory of two-dimensional ﬁber-reinforced networks is somehow insufﬁcient, in that it only
accounts for the mechanical response to the curvature of the ﬁbers, and neglects ﬁner effects such as those due to the rota-
tion of the sections of the ﬁbers, which may be negligible for each individual ﬁber, but may have a relevant collective effect
on the network as a whole.
The purpose of this work is to develop a model for surfaces made of networks of inextensible ﬁbers that accounts for the
global effect of the twist of the individual ﬁbers. Our results are compatible with (but more general than) the theory pro-
posed by Luo and Steigmann (2002), and allow to discuss more precisely the role and structure of the boundary conditions.
We work in the setting proposed byWang and Pipkin (1986), based on the original approach of Peirce (1937), who describe a
textile as a network of inextensible ﬁbers. These authors assume that the resistance to bending of each ﬁber of the network,
which is intended to model the threads of a woven fabric, determines the global response of the fabric. We extend this ap-
proach to cover materials formed by ﬁbers that resist not only to bending, i.e., changes of the curvature, but also to twist,
which is a measure of the rotation of the sections of the ﬁbers about their axis (Luo and Steigmann, 2002; Indelicato,
2007; Indelicato and Albano, 2008).
We derive the basic PDEs that describe a surface formed by ﬁbers with resistance to twist and discuss the constitutive
theory of such models. As an application, we study the extension and compression modes of a cylindrical shell made of inex-
tensible helices. Such structures have a higher extensional rigidity than those with bending stiffness only, and their interest
lies in the possibility of designing cylindrical structures, such as hoses or artiﬁcial blood vessels, made of helical ﬁbers whose
stress free state is helical. Also, cylindrical shells made of helices have interest in the description of biological structures such. All rights reserved.
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Bauer, 2000), of the skin of certain species of ﬁsh (Hebrank and Hebrank, 1986), and of structures made by helical nanotubes
(Pipes and Hubert, 2002).2. Notation and basic assumptions
We consider a surfaceS  R3 made of two families of inextensible and continuously distributed ﬁbers. Let X1;X2 be local
coordinates onS varying in R0  R2, such that the curves X1 ¼ const: and X2 ¼ const: onS deﬁne the ﬁbers of each family.
Writingr : R0 !Sfor the corresponding parametrization of S, thena1 ¼ or
oX1
¼ r;1; a2 ¼ or
oX2
¼ r;2are the tangent vectors to the deformed ﬁbers. We assume that the ﬁbers are inextensible, so that X1 and X2 are the arc
parameters for the curves of each family, and a1 and a2 are unit vectors. We denote by fa1;n1; b1g and fa2;n2;b2g the Frenet
basis associated to the ﬁrst and second family of ﬁbers, respectively. The Frenet equations holdaa;a ¼ jana;
na;a ¼ jaaa þ saba;
ba;a ¼ sana;
8><>: a ¼ 1;2; ð1Þ
with ja and sa, a ¼ 1;2 the curvature and torsion of the deformed ﬁbers. Also, we denote by c, deﬁned bysin c ¼ a1  a2
the angle of shear.
To account for twist, we follow the approach by Luo and Steigmann (2002) and endow each ﬁber at each point with an
orthonormal basisa1a ¼ a1aðX1;X2Þ; a2a ¼ a2aðX1;X2Þ; a3a ¼ a3aðX1;X2Þ; a ¼ 1;2;
such thataia  aja ¼ dij; a1a ¼ aa; a ¼ 1;2; i; j ¼ 1;2;3:
It is understood that the ﬁrst vector a1a of each basis is the tangent vector to the corresponding ﬁber, while a
2
a and a
3
a measure
the orientation of the section of the a-ﬁber. It is customary to introduce angles #a that describe the rotation of the section of
the a-ﬁber with respect to the Frenet basis, such thata2a ¼ cos#ana þ sin#aba; a3a ¼  sin#ana þ cos#aba;
Clearly, there exist vectors ga, a ¼ 1;2, such thataia;a ¼ ga  aia; i ¼ 1;2;3; ð2Þ
and, using the relation ga ¼ 12
P3
i¼1a
i
a  aia;a, we ﬁndga ¼ jaba þ ð#a;a þ saÞaa: ð3Þ
We denote byba ¼ #a;a þ sa;
the twist of the a-ﬁber. We assume that the ﬁbers are transversely isotropic, i.e., the deformation energy is invariant under
rotations of the sections (see below), as given by transformations of the forma1a # a
1
a;
a2a # ðcos kÞa2a þ ðsin kÞa3a;
a3a #  ðsin kÞa2a þ ðcos kÞa3a;with k 2 ½0;2pÞ arbitrary for ﬁxed index a. It is easy to verify that the vector ga does not change under such a transformation.
A straightforward calculation shows that, taking the scalar products as above, transverse isotropy of the a-ﬁber implies
invariance under transformations of the form
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which rules out any dependence of the deformation energy from #a.
Finally, forP  R0 a plane region, andwa, a ¼ 1;2 a pair of smooth vector ﬁelds on rðR0Þ, the divergence theorem holds in
the formZ
P
ðw1;1 þw2;2ÞdX1 dX2 ¼
I
oP
ðw1 dX2 w2 dX1Þ:Also, for a portion ‘ of a smooth curve with arc parameter X and parametric representation lðXÞ, with X 2 ½X;X, we use the
notationZ
o‘
w ¼ wðlðXÞÞ wðlðXÞÞ;for w a vector ﬁeld on ‘.
3. Mechanics of a 2D network of inextensible ﬁbers
3.1. Forces and couples in a ﬁbered network
Let ca be a given ﬁber of the a-family, i.e., a X
a-coordinate curve. Denote byta; ca;the force and couple acting at each point of the ﬁber (cf. Wang and Pipkin, 1986; Luo and Steigmann, 2002). Also, letga; ha;be the interaction force and couple per unit length of the ﬁber, that account for the interaction of ca with the ﬁbers of the
other family. Balance of forces for a single ﬁber of the a-family, in the absence of external forces, isZ
o‘a
ta þ
Z
‘a
ga dX
a ¼ 0;for every subcurve ‘a# ca, which yields the local balanceta;a þ ga ¼ 0; a ¼ 1;2: ð5Þ
The couple balance for a single ﬁber of the a-family, in the absence of external forces and couples, isZ
o‘a
r  ta þ
Z
‘a
r  ga dXa þ
Z
‘a
ha dX
a þ
Z
o‘a
ca ¼ 0for every ‘a# ca, and, granted (5), yields the local formaa  ta þ ca;a þ ha ¼ 0; a ¼ 1;2: ð6Þ
Consider now the surface composed by the two families of ﬁbers. Balance of forces in integral form for the whole surface isI
oP
ðt1 dX2  t2 dX1Þ ¼ 0;for every subsurface P#R0, and in local formt1;1 þ t2;2 ¼ 0: ð7Þ
The couple balance for the whole surface is correspondinglyI
oP
r  ðt1 dX2  t2 dX1Þ þ
I
oP
ðc1 dX2  c2 dX1Þ ¼ 0for every P#R0. Granted (7), this gives the local equationa1  t1 þ c1;1 þ a2  t2 þ c2;2 ¼ 0: ð8Þ
Clearly, in order that (5) and (6) be compatible with (7) and (8), the interaction force and moments must add to zero, i.e.,g1 þ g2 ¼ 0; h1 þ h2 ¼ 0: ð9Þ3.2. Energy and constitutive relations
Rather than considering the most general case, we assume in this section that the deformation energy of the surface is a
function of the form
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where the terms ai1;2 are neglected for simplicity.
The dissipation inequality, a statement equivalent to the second law of thermodynamics, imposes restrictions on the
structure of the constitutive relations (Gurtin, 1981). To see this, consider (in this section only) time-dependent deforma-
tions r ¼ rðXa; tÞ, and notice that the basis associated to each point of a ﬁber undergoes a rigid motion under such a defor-
mation (being an orthonormal basis by deﬁnition). Hence, denoting the material time derivative by a superposed dot, there
exist vectors xa, a ¼ 1;2 such that_aia ¼ xa  aia: ð11Þ
Clearly,_aia;a ¼ xa;a  aia þ xa  aia;a: ð12Þ
The dissipation inequality states that the rate of change of energy cannot be larger than the work done by external forces, for
each process and each portion P of the surface (we have assumed that the external forces and couples vanish)d
dt
Z
P
WdX1 dX2 6
Z
oP
ðt1  _rdX2  t2  _rdX1Þ þ
Z
oP
ðc1  x1 dX2  c2  x2 dX1Þ: ð13ÞApplying the divergence theorem and (7), differentiating under the integral sign, and since the portionP is arbitrary, we ﬁnd_W  t1  _a1  t2  _a2  c1;1  x1  c1  x1;1  c2;2  x2  c2  x2;2 6 0: ð14Þ
To account for a dependence of the deformation energy on both the curvature and twist, we assume that it has the form (10),
then_W ¼
X3
i¼1
oW
oai1
 _ai1 þ
oW
oai2
 _ai2 þ
oW
oai1;1
 _ai1;1 þ
oW
oai2;2
 _ai2;2
 !
;and we obtain from (6), (11), (12), and (14)X3
i¼1
ai1 
oW
oai1
þ
X3
i¼1
ai1;1 
oW
oai1;1
þ h1
 !
 x1 þ
X3
i¼1
ai2 
oW
oai2
þ
X3
i¼1
ai2;2 
oW
oai2;2
þ h2
 !
 x2
þ
X3
i¼1
ai1 
oW
oai1;1
 c1
 !
 x1;1 þ
X3
i¼1
ai2 
oW
oai2;2
 c2
 !
 x2;2 6 0:Requiring that the above inequality holds for every time-dependent deformation, yields the constitutive relationsc1 ¼
X3
i¼1
ai1 
oW
oai1;1
; c2 ¼
X3
i¼1
ai2 
oW
oai2;2
; ð15Þandha ¼ 
X3
i¼1
aia 
oW
oaia

X3
i¼1
aia;a 
oW
oaia;a
; a ¼ 1;2: ð16ÞThe couple balance, together with the above constitutive relations, imply a constitutive relation for ta. In fact, note that (6)
does not yield any information on the component of ta in the direction of a1a, which is therefore indeterminate. For the sake
of simplicity, we write this component as ta  a1a ¼ Ta þ ðoWoa1a  ð
oW
oa1a;a
Þ;aÞ  a1a, with Ta indeterminate, so that (6), together with
(15) and (16), yieldsta ¼ Taa1a þ
oW
oa1a
 oW
oa1a;a
 !
;a
 a1a 
oW
oa3a
 oW
oa3a;a
 !
;a
24 35a3a  a1a  oWoa2a  oWoa2a;a
 !
;a
24 35a2a; a ¼ 1;2: ð17Þ
The relations (15)–(17), are general constitutive relations of a theory which includes both curvature and twist.3.3. Special constitutive relations
By (2), objectivity requires that the energy depends on the scalar products of the vectors aia and ga, but we restrict to en-
ergy functions of the formW ¼ fW ða1  a2;ai1  g1;ai2  g2Þ ¼ cW ðsin c;ja; #a; baÞ; ð18Þ
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Assuming also that the ﬁbers are transversely isotropic (cf. (4)), the energy is independent of #a and has the formW ¼ cW ðsin c;ja; baÞ:
The angle between the ﬁbers and their material properties affect the actual explicit form of the deformation energy of the
network. For a discussion of this issue, together with a complete list of invariants under the symmetry group of the possible
2D structures, see Indelicato and Albano (2008), and the related literature (Aksel and Itskov, 2004; Boehler, 1978; Hartmann
and Neff, 2003; Schröder and Neff, 2003; Zhang and Rychlewski, 1990; Xiao, 1996).
Now,a1a;a ¼ jana;
a2a;a ¼ baa3a þ jaba  a2a;
a3a;a ¼ baa2a þ jaba  a3a;
ð19Þfrom which it follows thatba ¼ a2a;a  a3a ¼ a3a;a  a2a: ð20Þ
To recap, we havesin c ¼ a11  a12; j2a ¼ a1a;a  a1a;a; ba ¼ a2a;a  a3a;from which it follows thatoW
oa11
¼ oW
o sin c
a12;
oW
oa12
¼ oW
o sin c
a11;
oW
oa1a;a
¼ oW
oja
na;
oW
oa2a;a
¼ oW
oba
a3a;
oW
oa3a
¼ oW
oba
a2a;a:Hence,ca ¼ oWoja a
1
a  na þ
oW
oba
a2a  a3a ¼
oW
oja
ba þ oWoba
aa; a ¼ 1;2; ð21Þand a similar argument shows thatha ¼ oWo sin caa  aaþ1; ð22Þwhere aþ 1 is understood modulo 2. The above relation implies that ha is normal to the surface S, and clearly h1 þ h2 ¼ 0.
Finally,ta ¼ Taaa þ oWo sin caaþ1 
oW
oja
na
 
;a
 a1a  
oW
oba
a3a
 
;a
" #
a2a  a1a 
oW
oba
a2a;a
 
a3a
¼ Taaa þ oWo sin caaþ1 
oW
oja
na
 
;a
þ oW
oba
ða1a  a3a;aÞa2a  ða1a  a2a;aÞa3a
h i
;and sinceða1a  a3a;aÞa2a  ða1a  a2a;aÞa3a ¼ ða1a;a  a2aÞa3a  ða1a;a  a3aÞa2a ¼ a1a;a  ða3a  a2aÞ ¼ a1a  a1a;a ¼ jaba;we may ﬁnally write the constitutive relation for the traction asta ¼ Taaa þ oWo sin caaþ1 
oW
oja
na
 
;a
þ oW
oba
jaba: ð23ÞThe constitutive relations (21)–(23), are the basic relations for a surface composed of two families of inextensible ﬁbers with
bending and twisting stiffness.
Notice that, from (21) and (22) it follows thatca;a þ aa  ta þ ha ¼ oWoba
 
;a
aa;so that the partial couple balance (6) yieldsoW
oba
 
;a
¼ 0; a ¼ 1;2: ð24Þ
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The above theory leaves the interaction forces ga constitutively indeterminate: their actual value is given by the par-
tial force balances (5). Also, when the tractions are given by (23), the components orthogonal to aa of the partial couple
balances for each ﬁber are identically satisﬁed. Hence, the only independent partial differential equations of the theory
are:
(i) the global force balance (7), supplemented by the constitutive relations (23);
(ii) the tangential partial couple balances (24) for each ﬁber.
4. A cylindrical shell made of helical ﬁbers
Consider a cylindrical shell made of two families of inextensible helical ﬁbers (Fig. 1). Let L and R be the pitch and the
radius of the helices of the two families in a generic conﬁguration, and L0 and R0 the same for a given reference conﬁguration
(with curvature and torsion j0 and s0).
A given conﬁguration of the cylinder can be parametrized asx ¼ R cos X
1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;
y ¼ R sin X
1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;
z ¼ L
2p
X1 þ X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;
withX1  X2 2 p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20 þ L20=4p2
q
;p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20 þ L20=4p2
q 
;
X1 þ X2 2 0;2pH0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20 þ L20=4p2
q
=L0
 
;with H0 the reference height of the cylinder. The curves X
1 ¼ const: and X2 ¼ const: deﬁne two families of transversal
helices with radius R and pitch L, and X1;X2 are the arc parameters for each family. The Frenet basis of the two families
area1
a2
Fig. 1. A cylindrical shell made of helices.
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R2 þ L2=4p2
q R sin X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;R cos X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ; L
2p
0B@
1CA;
n1 ¼  cos X
1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ; sin X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;0
0B@
1CA;
b1 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q L
2p
sin
X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ; L
2p
cos
X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;R
0B@
1CA;
and 0 1a2 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q R sin X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;R cos X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ; L
2p
B@ CA;
n2 ¼  cos X
1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ; sin X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;0
0B@
1CA;
b2 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q L
2p
sin
X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ; L
2p
cos
X1  X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ;R
0B@
1CA:
The following identities will be useful later:a1 þ a2 ¼ L=pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q k; a1  a2 ¼ 2Rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q eh;
b1  b2 ¼ 2Rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q k; b1 þ b2 ¼  L=pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q eh; ð25Þwith eh ¼ ð sin X1X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2þL2=4p2
p ; cos X1X2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2þL2=4p2
p ;0Þ and k ¼ ð0;0;1Þ.
The curvature and torsion of each family arej1 ¼ R
R2 þ L2=4p2 ; s1 ¼
L=2p
R2 þ L2=4p2 ;andj2 ¼ R
R2 þ L2=4p2 ; s2 ¼ 
L=2p
R2 þ L2=4p2 ;anda1  a2 ¼ sin c ¼ cos d ¼ L
2=4p2  R2
L2=4p2 þ R2 :Notice thatn1 ¼ n2 ¼: n; j1 ¼ j2 ¼: j; s1 ¼ s2 ¼: s:
Writing ‘ for the (constant) length of the ﬁbers, and H for the height of the cylinder in the current conﬁguration, a straight-
forward argument shows that (Fig. 2)Fig. 2. Plane representation of a cylinder, showing the relation between the height of the cylinder and the length of a ﬁber (relation (26)).
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2
¼ ‘L=ð2pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=ð4p2Þ
q ; ð26Þand we deﬁne the elongation of the cylinder by the formula ¼ L=ð2pÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2ð4p2Þ
q : ð27Þ
Also, we restrict to deformations with uniform twist, and such thatb1 ¼ b2 ¼ b:
This assumption can be justiﬁed a posteriori by the special choice of boundary conditions for the couples given below.4.1. Energy, stress and couples
Consider now a quadratic energy accounting for shear, bending and twistingW ¼ A
2
ðsin c sin c0Þ2 þ B
2
½ðj1  j01Þ2 þ ðj2  j02Þ2 þ
C
2
½ðb1  b01Þ2 þ ðb2  b02Þ2;with A;B;C positive constants. The corresponding tension for each family is given by (23), which yields, for a cylindrical sur-
faces made of helicest1 ¼ T1a1 þ Aðsin c sin c0Þa2  Bðj j0Þðja1 þ sb1Þ þ Cðb b0Þjb1;
t2 ¼ T2a2 þ Aðsin c sin c0Þa1  Bðj j0Þðja2  sb2Þ  Cðb b0Þjb2:Also, the couples are given by the relations (21), which yieldc1 ¼ Bðj j0Þb1 þ Cðb b0Þa1;
c2 ¼ Bðj j0Þb2  Cðb b0Þa2:
ð28Þ4.2. Force balance and boundary tractions
We may now compute the divergence terms in the equilibrium equation t1;1 þ t2;2 ¼ 0:t1;1 þ t2;2 ¼ T1;1a1 þ T2;2a2 þ ½ðT1 þ T2Þj 2Aðsin c sin c0Þjþ 2Bðj j0Þðj2 þ s2Þ  2Cðb b0Þjsn;from which we obtainT1;1 ¼ T2;2 ¼ 0
and1
2
ðT1 þ T2Þ ¼ Aðsin c sin c0Þ  Bðj j0Þðj2 þ s2Þ=jþ Cðb b0Þs: ð29ÞConsider now a pure traction problem with boundary conditionst1m1 þ t2m2 ¼ Pk; ð30Þ
with P the externally applied traction, k ¼ ð0;0;1Þ the unit vector parallel to the axis of the cylinder and m1 ¼ m2 ¼ m the com-
ponents of the unit normal to the boundary of the cylinder, i.e., the circles of radius R with equations X1 þ X2 ¼ 0 (lower
boundary) and X1 þ X2 ¼ 2pH0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R20 þ L20=4p2
q
=L0 (upper boundary). By (25) and the identityT1a1 þ T2a2 ¼ 12 ðT1 þ T2Þða1 þ a2Þ þ
1
2
ðT1  T2Þða1  a2Þ;the boundary conditions yield the equations0 ¼ 1
2
ðT1  T2Þ;
P=m ¼ L=pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q 1
2
ðT1 þ T2Þ þ Aðsin c sin c0Þ þ Bðj j0Þj
 
þ 2Rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ðBðj j0Þsþ Cðb b0ÞjÞ:
ð31Þ
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0Þ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q  Bðj j0ÞL=p 2CRðb b0Þ
R
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q : ð32Þ
4.3. Couple balances and boundary couples for a pure couple-traction problem
The couple balances for the ﬁbers of each family are identically satisﬁed when ta, ha and ca are given by (21)–(23), and
(24) is also satisﬁed. In this case, (24) necessarily holds since we have assumed that the twist is constant along the ﬁbers, so
that we only have to impose the boundary conditions for the couples of the ﬁbers of each family. We assume that, at the
boundary of the cylinder,c1 ¼ Mb1 þ Na1; c2 ¼ Mb2  Na2; ð33Þ
with M and N assigned bending and twisting couples. From (28) we obtainM ¼ Bðj j0Þ N ¼ Cðb b0Þ: ð34Þ
Hence, (34)2 allows to compute the twist, while (32) and (34)1 yieldP=m ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q 2AL
p
L2=4p2  R2
L2=4p2 þ R2  sin c
0
 !
 LM
Rp
 2N
 " #
;
M ¼ B R
R2 þ L2=4p2  j0
 !
;that allow to determine R and L and, by consequence, the shape of the helix.
4.4. Comparison with a theory that neglects resistance to twist
When twisting stiffness is neglected, and C ¼ 0, it is not necessary to impose an independent couple balance for each ﬁ-
ber, and the theory reduces to the model of Wang and Pipkin. In fact, when twist is neglected, a surface composed of ﬁbers
with resistance to bending is just a special case of a shell. Hence, only the global balances (7) and (8) have meaning, and the
corresponding boundary conditions for a pure traction-couple problem are (30) andc1m1 þ c2m2 þ r  t1m1 þ r  t2m2 ¼ r  Pkþ eMeh; ð35Þ
where eM is an externally imposed boundary couple, and imply that, by (30),c1m1 þ c2m2  eMeh ¼ 0;
at the boundary of the cylinder. For helical ﬁbers, we obtaineM
m
¼  BLðj j
0Þ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q ð36Þ
and, from (32),P
m
¼ 2ALðsin c sin c
0Þ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q þ eM
mR
: ð37ÞEqs. (36) and (37) are the basic relations that allow to compute the deformation of a cylindrical sheet made of inextensible
ﬁbers, given the traction and the couple at the boundary.
4.5. Mixed boundary conditions
Assuming that twisting resistance is not neglected, a slight variation of the above problem consists in imposing couple
boundary conditions for the ﬁbered surface as a whole (as in the previous section), and assigning a given boundary value
for the angle of rotation # of the section. This can be obtained for instance by a special loading device that clamps the ﬁber
of each family at the boundary. If we assign the same rotation angle of the helix at equilibrium, i.e., we assume that during
deformation the twist angle cannot vary, and #a;a ¼ #0a;a, thenba  b0a ¼ #a;a þ sa  #0a;a  s0a ¼ sa  s0a: ð38Þ
The global momentum balance at the boundary is still (35), and the resulting system of equations allowing to determine the
shape of the helix is
Fig. 3. Boundary traction versus elongation of the cylinder keeping R constant. Solid curve: B ¼ 10 and C ¼ 0; dashed curve: B ¼ 10 and C ¼ 0:1. In both
cases, R0 ¼ 1 and L0 ¼ 0:5.
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m
¼ 2ALðsin c sin c
0Þ
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q þ eM
mR
ð39Þand eM=m ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2 þ L2=4p2
q BL
p
ðj j0Þ þ 2CRðs s0Þ
 
: ð40Þ5. Discussion
Accounting for the resistance to twist in a ﬁber-reinforced network is presumably relevant when the mode of deformation
of the ﬁbers involves a substantial rotation of the sections (as represented by the term #a;a), or a large torsion of the ﬁbers
(i.e., sa), such as is the case when the ﬁbers are for instance helices (for a discussion of the mechanical behavior of a single
helix, cf. for instance (Kobelev, 2002; Zubov, 2002)).
As a case study, we have discussed the load–elongation curve for a cylinder made of helical springs, in order to compare
the behavior with and without twisting. To isolate the effect of twist, we have assumed that:
 the network has no resistance to shear, i.e., A ¼ 0;
 a traction Pk is assigned at the edges of the cylinder;
 the sections of the ﬁbers are not allowed to rotate, so that ba  b0a ¼ sa  s0a;
 the radius of the cylinder is ﬁxed to its reference value, i.e., R ¼ R0.
In this case, the boundary loads are described by the single parameter P. Since R ¼ R0, and granted (39) with A ¼ 0, the
boundary couple eM is given by the compatibility conditioneM ¼ RP: ð41Þ
In other terms, a nonvanishing boundary couple, impeding rotations of the boundary about its tangent, is required in order
that the deformed shell remains a cylinder. Rewriting (40) in terms of the elongation , given by (27), we obtainPR0 ¼ 2R0 Bðþ 
3 þ j0R0Þ þ Cð 3  s0R0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2
p
Þ
h i
: ð42ÞThe resulting load–elongation curve is plotted in Fig. 3, ﬁrst when twisting stiffness is neglected, and then for a small non-
zero value of C. The result shows that the inﬂuence on the global behavior of the network of the resistance to twist of each
individual ﬁber may be large.
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